A retardation correction to the high-energy limit of the dipole photoionization cross section and to the ratio of the double-to-single electron photoionization cross sections is calculated. This correction comes from the quasifree mechanism of the two-electron photoionization and is determined by the probability to find both ionizing electrons at the same point in the initial state. The calculations are performed for H Ϫ , the helium atom and the heliumlike ions in the ground and some excited states using high-precision wave functions. The nuclear charge dependence of this correction for heliumlike ions in the ground and four lowest 1 S exited states is calculated. The possibility to detect this correction experimentally is discussed.
I. INTRODUCTION
The aim of this paper is to present results of the calculations of the lowest-order retardation corrections to the twoelectron photoionization cross section of a number of twoelectron objects, namely, H Ϫ , the helium atom and the heliumlike ions at high but nonrelativistic photon energies . Both ground and excited states of the latter objects will be studied.
Until recently most of the publications dealing with twoelectron photoionization consider this process in the dipole approximation. Thus they are neglecting completely the incoming photon momentum and therefore neglecting the effects of retardation of the electromagnetic field. In the frame of the dipole approximation it was demonstrated that the main contribution to the two-electron photoionization cross section ϩϩ () at high comes from the so-called shakeoff mechanism ͓1-3͔. According to this mechanism one of the electrons, namely, the one absorbing the incoming photon, leaves the ionized atom very fast. This instantly changes the field that acts upon the second electron and causes its elimination from the atom. The fast electron carries away almost all photon energy ⑀ 1 ϷӷI ϩϩ , where I ϩϩ is the two-electron ionization potential, while the energy of the second electron ⑀ 2 , is of the order of I ϩϩ , ⑀ 2 ϷI ϩϩ . The shake-off mechanism predicted that the dependencies of ϩϩ () and the one-electron photoionization cross section ϩ () are the same, namely, ϩ ()ϳ ϩϩ ()ϳ Ϫ7/2 at high , ӷI ϩϩ . The same is also the dependence of the cross section of ionization with excitation ϩ *(). This is why in this region the ratio R()ϭ In the framework of the shake-off mechanism the cross sections ϩϩ () and ϩ () are expressed via the integrals over the initial-state wave function ⌿ i (r 1 ,0) where one electron is at the nucleus ͑at ͉r 2 ͉Ϸ0, which corresponds to high photoelectron linear momentum͒ while the other is at the position ͉r 1 ͉ somewhere inside the atom. We shall use the notation ⌿ (r 1 ,r 2 )ϭ⌿(r 12 ,s 12 ), where r 1 , r 2 denote the electron coordinates relative to the nucleus, and r 12 and s 12 denote the Jacobi vectors, r 12 connecting the electrons, and s 12 connecting the center-of-mass of the electrons and the nucleus. The shake-off approach seems to be so well established that other alternative mechanisms are usually not discussed at all ͓6͔. However it was demonstrated already in 1975 that there exists the so-called quasifree ͑QF͒ mechanism ͓7,8͔ that is becoming more and more important with growth. The main idea that forms the foundation of this mechanism is the following: two free electrons can absorb a single photon in contrast to one electron. As a result of photon absorption the electrons acquire almost equal energies ⑀ 1 Ϸ⑀ 2 Ϸ/2 and move in approximately opposite directions.
It was demonstrated long ago ͓7,8͔ that the QF mechanism leads to corrections of the order of /c 2 Ӷ1 1 at nonrelativistic photon energies. It was shown ͓9͔ that at /c 2 у1 the QF mechanism becomes absolutely dominant. In this frequency domain the ratio R() is again independent, R()→R rel , but considerably larger than the value R d Ϸ0.0165 obtained in the dipole approximation.
The results in Refs. ͓7-9͔ were calculated in the first order of the interelectron interaction. It is clear, however, that numerically such an approach is not accurate enough. Indeed, in the first order the value R d
(1) is 0.0235, which is considerably larger than the nonperturbative value. Qualitatively, it is clear that the contribution of the QF mechanism depends upon the initial-state wave function with two ionizing electrons at small interelectron distances r 12 Ϸ1/p→0, ⌿ (r 1 ,r 1 )ϭ⌿(0,s 12 ), with p being the photoelectron linear momentum that increases unlimitedly with growth.
In this paper we will concentrate on calculating the first order in the /c 2 correction to the ratio R d using the best available initial-state two-electron wave functions ͓10-13͔. The formulas for this contribution expressing them via ⌿ (r 1 ,r 1 ) were derived recently ͓14,15͔. Numerical results were also obtained in those works, and we shall compare our results with previous ones in order to study how sensitive is the /c 2 correction to the details of ⌿ (r 1 ,r 1 ). Recently the derivations of the corrections of the order /c 2 to R d given in Refs. ͓7,14͔ and Ref. ͓15͔ were repeated in Ref. ͓16͔ confirming the previous results. The investigation of the QF mechanism contribution is of interest and timely since now high intensity photon beams with у100 keV (/c 2 Ϸ1/5) are available.
II. DETAILS OF CALCULATIONS
The ratio R() of the double-to-single electron photoionization cross section for small values of /c 2 can be presented in the following form ͓7,15,17͔:
where TABLE I. The values of I for H Ϫ , the helium atom, and the helium isoelectronic sequence ground and excited n 1 S states. The last line gives extrapolated values given by the values of the parameter a n in the fits of the Z dependence of the form a n ϩb n /Zϩc n /Z 2 , nϭ1, . . . 5. The numbers in brackets are the errors in the last digits, obtained by setting different numbers of small-Z weights in the fits to a small value, and keeping the remaining weights equal to 1. 
͑3͒
Here qϭ2Zm ␣ /(1ϩm ␣ ), m ␣ and Z are the mass and the charge of the nucleus, lm (r) are the one electron wave functions in the field of the nucleus, and R l are the corresponding radial functions; only lϭmϭ0 is used. In this paper ⌿ i (r 1 ,0)ϭ⌿ i (0,s 23 ) is the H Ϫ , He, or the heliumlike ion's three-body wave function in the ground or excited ͑ex-cept H Ϫ ) 1 S states, and s 23 is the Jacobi vector connecting the center-of-mass of the nucleus ͑index 3͒ and one electron ͑index 2͒ with the other electron ͑index 1͒.
It is seen from Eq. ͑1͒ that I is determined by the initial state two-electron wave function ⌿ i (r 1 ,r 2 ) in two different space coordinate regions: at r k ϭ0, kϭ1,2, and at ͉r 1 Ϫr 2 ͉ ϭ0. As to R d , it is determined only by the initial-state twoelectron wave function with one coordinate being equal to zero, ⌿ i (r 1 ,0). As a consequence of the nonanalyticity of the nuclear Coulomb potential ϪZ/r under the change of sign r→Ϫr, the wave function ⌿ i (r 1 ,r 2 ) has singularities at r k →0, kϭ1,2, called the Kato cusps ͓18͔. A similar singularity exists in ⌿ i (r 1 ,r 2 ) when ͉r 1 Ϫr 2 ͉→0, which is a consequence of the nonanalyticity of the interelectron interaction 1/r 12 under the change of sign r 12 →Ϫr 12 . The peculiarities that characterize the wave function ⌿ i (r 1 ,r 2 ) at r k ϭ0, k ϭ1,2 and at ͉r 1 Ϫr 2 ͉ϭ0, must be reproduced well by the wave function that we use in our calculations in order to give reliable values for R d and I.
In this paper, the parameter I is calculated numerically using the recently computed very accurate and locally correct initial-state wave function described in Refs. ͓4,10-13͔ calculated by the correlation function hyperspherical harmonic method. In this method, the wave function ⌿ is decomposed as
where f is the correlation function describing the singularities of ⌿, and is a smooth remainder, which can be expanded in a fast converging hyperspherical harmonic expansion. The function f depends on interparticle distances, which is necessary and sufficient to take into account analytically the twoand three-body Coulomb singularities ͑cusps͒ in the wave function, i.e., it satisfies the Kato cusp conditions exactly. Furthermore, ⌿ is obtained by a direct solution of the three- FIG. 3 . As in Fig. 1 , but for the first excited state (nϭ2). Fig. 2 , but for the first excited state (nϭ2). Fig. 1 , but for the second excited state (nϭ3). Fig. 2 , but for the second excited state (nϭ3).
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body Schrödinger equation, which guarantees local correctness of ⌿ because the convergence of ⌿ across the configuration space is uniform.
III. RESULTS OF CALCULATIONS
We have calculated the parameter I using Eq. ͑2͒ for H Ϫ , He, and heliumlike ions. For all systems but H Ϫ , I for the four lowest 1 S excited states was also calculated. The results are presented in Table I and in Figs. 1-10 . The calculated values are correct to at least one more digit than quoted in the table. The curves in Figs. 1, 3 , 5, 7, and 9 permit an extrapolation to asymptotically high values of Z, Z→ϱ. In this limit the pure hydrogenic model must be valid. In its frame the interelectron interaction is treated in the first order, which is correct for Z→ϱ. For the ground state of the target ion in the frame of this model, one obtains Iϭ1/8.
2 This value coincides excellently with the result of our extrapolation of the calculated curve to Z→ϱ. We performed the extrapolation in the following way. Because of the smooth dependence of the parameter I upon Z for different n, the values I n were approximated by the formula
Several fits were performed for each n, setting the weights at a number of small-Z points to a small value, and setting the remaining W weights to 1. As shown in Figs. 2, 4 , 6, 8, and 10, the fits were remarkably stable against the variation of W from Wϭ3 to Wϭ9 or 10.
The asymptotic values I n as ϭa n are also given in Table I . Thus, using our numerical results, we managed to get values that may be derived purely analytically. It is of interest to note that the QF contribution to the R values is almost the same for He and H Ϫ ; indeed, the value of I/Z 2 is 0.01149 in He and 0.0169 in H Ϫ . Using our numerical values for He, the following expression for R() can be given:
͑6͒
It is seen that at ϭ100 keV the QF correction is about 10%. This is the accuracy that is necessary to achieve in experiment in order to observe the role of the QF mechanism.
IV. DISCUSSION AND CONCLUSIONS
To illustrate the sensitivity of I values to the quality of the initial-state wave function, let us discuss the results of I that were calculated in Ref. ͓14͔ using different wave functions. Using the Hartree-Fock wave function for He, the results I He ϭ0.11 was obtained. Using the Hylleraas three-and six-parameter wave functions, the I He values are 0.07 and 0.068, respectively. For the Kinoshita wave function the 2 In a recent paper ͓19͔ a value Iϭ1/16, which is smaller by a factor of 2, is calculated in the same approximation as Ref. Fig. 1 , but for the fourth excited state (nϭ5). Fig. 2 , but for the fourth excited state (nϭ5). Fig. 1 , but for the third excited state (nϭ4). Fig. 2 , but for the third excited state (nϭ4). value is 0.055. The details about these wave functions can be found in Table 6 of Ref. ͓20͔. It is seen that I is quite sensitive to the choice of the wave function. One should have in mind that the interelectron interaction must be taken into account nonperturbatively. This is demonstrated by the large difference in I values for physical Z and for Zϭϱ. This difference between I He and I ϱ is rapidly increasing with the growth of n.
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It is of interest to learn whether the accurate results computed in this paper can be reproduced within the framework of the lowest-order hydrogenic approximation ͓7͔, but using effective charges. It is clear that the ratio R has to include at least two effective charges, namely, the screening or the Slater one Z eff was noted above while discussing Eqs. ͑1͒ and ͑2͒, are quite different.
Note also that using simple expressions for the effective charges, the interelectron one, z eff in ϭ1ϪA/Z, and the nuclear or Slater one, Z eff He ϭZ(1Ϫ5/16Z), one can fit the data in Table I reasonably well. Of course, the value of A depends upon n. For He, in order to reproduce the I He ϭ0.0597 value precisely, one has to use Aϭ0.832 for nϭ1, which means that z eff in ϭ0.584. This differs considerably from the mentioned above value z eff in ϭ0.705, which corresponds to A ϭ0.59.
It is seen that the results of calculations of the parameter R() are very sensitive to the accuracy of the initial-state wave function. The experimental observation of the corrections to R() due to the QF mechanism would contribute considerably to the deepening of our understanding of the two-electron photoionization process.
